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1. Introduction 
The generalized quadrangle Q associated with a q-clan can be constructed as a 
coset geometry of a group E of order q5 [6,4]. When q is odd, there is an explicit 
isomorphism between E and a fixed subgroup J~ of PSp(6,q) (see [8]). Using that 
isomorphism, one can obtain a geometric onstruction for Q starting from a BLT-set 
of W(3,q) (see [5,8]). The points and the lines of Q are represented by elements of the 
polar space W(5, q) associated with the symplectic polarity ± stabilized by PSp(6, q). 
It is a natural question to ask if it is possible to extend this geometric onstruction 
when q is even. 
In this paper we analyze the following construction for the classical generalized 
quadrangle H(3,q2). Let x and y be two points not collinear in the polar space gc-(5,q) 
associated with a symplectic polarity _1_ of PG(5,q), and let T be the polar space of 
the line joining x and y with respect to _1_. Then T is a three-dimensional on-singular 
subspace. Let W(3,q) = T M W(5,q). If :~ is a regulus of T contained in W(3,q), 
then define a point-line geometry Q(~) in the following way. The points are of three 
types. The point x is the unique point of type (a). The points of type (b) are the lines 
of E = PG(5,q) non-incident with x and contained in one of the planes (x,R), where 
R E :~. The points of S \ x ± are the points of type (c). The lines are either the planes 
(x,R) where R E ~ or the totally isotropic planes ~ of 2~ meeting one of the planes 
(x,R) (R E :~) in a line not incident with x. All the incidences are inherited from 
PG(5,q). 
When q is odd, then Q(~) is a generalized quadrangle if and only if all the transver- 
sal lines of ~ are not totally isotropic with respect to _1_. In this case ~ is a BLT-set of 
W(3, q) and Q(~) __- H(3, q2) is exactly the generalized quadrangle associated with the 
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BLT-set ~ by Knarr's construction. When q is even, Q(~)  is isomorphic to H(3,q 2) 
only if all the transversal lines of ~ are totally isotropic (see Section 2). 
The odd case and the even case have another important difference. Let z be an 
isomorphism from Q(~)  to H(3,q2), and let G be the subgroup of all the collineations 
of PGL(4,q 2) which fix H(3,q 2) and the lines of H(3,q 2) incident on the point xz. 
Then "cat -1 is an automorphism group of Q(~). When q is odd, the group zGz -1 = P~ 
is the subgroup of the symplectic group PSp(6, q) associated with A_ used to obtain the 
geometric onstruction of Q. If q is even, then zGz -1 is not a subgroup of the group 
PFL(6, q) (see Section 2). 
For q even we construct in Section 4 a subgroup/~ of PGL(6,q) isomorphic to E 
such that all the elements of/~ fix the point x, the hyperplane x ± and all the lines 
of x ± incident with x. Using the isomorphism from E to E we obtain a generalized 
quadrangle P(~?) isomorphic to H(3,q 2) whose points are the points of Q(~)  and 
whose lines are either the planes (x,R) where RE~ or the planes ~ of PG(5,q) such 
that ct -- (x,R)9 where 9E/~ and RE~.  If p is an isomorphism from P(~)  to H(3,q 2) 
such that xp = xz, then /~ = p~p-1 but E does not preserve a symplectic polarity. 
This proves that for q even, there is no hope to obtain a geometric onstruction for Q 
similar to that obtained for q odd. 
We notice that, starting from Kantor's construction [4] and using the group/~, one 
could obtain a construction of the dual G2(q)-hexagon for q even but it would be only 
folklore. 
2. The generalized quadrangle H(3, q2) 
Let F = GF(q) and P = F t_J {c~}. 
Let H(5, q2) be the hermitian variety of S* --PG(5, q2) with equation 
xoxq + xlx  + x2xq - - x ,  xq - x,x  = o 
and let _1_ be the unitary polarity associated with H(5, q2). The lines L -- {(0,x, 0, y, 0, 0) 
Ix, y E GF(q2)}, L' = {(0,0,x,0,y,0)]x,y E GF(q2)} and M = {(x,0,0,0,0,y)Ix, y E 
GF(q2)} are non-singular with respect o the polarity .L. Moreover, the three-dimen- 
sional subspace S = (M,L) is non-singular and S ± = L/. 
Let H(3,q 2) = S M H(5,q2). 
If cr is the collineation of PG(5, q2) defined by 
~:(Xo,XI ,X2,X3,X4,X5)~--+ q q q q q q (Xo,X2~X1,X4,X3,X5 ), 
then the canonic subgeometry 2; = {(a, ~, 0~ q, fl, flq, b) ] a, b E F, ~, fl E GF(q 2)} = PG(5, q) 
is pointwise fixed by tr and contained in H(5,q2). Moreover, A_ induces a symplectic 
polarity on 2; because tr / - -±  a. We will denote by W(5,q) the symplectic space 
associated with the polarity of 2; = PG(5, q) defined by _1_. 
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If v : (a, ct,~q, fl, flq, b) and w = (c,y, Tq,6,bq,d) are two points of Z, then yew ± 
if and only if b(v,w) -= ad - bc + tr(~fq - f17 q) = 0. Thus, W(5,q) is the symplectic 
space associated with the polarity defined by the bilinear form b. 
If T = (L,ff)  N Z = ((O,a, ctq, fl, flq, o)[~,fl  E GF(q2)}, then T is a non-singular 
three-dimensional subspace of Z and T ± =M. For each point (0, 1,0,u,0,0) of L, let 
R, be the line joining the points (0,1,0,u,0,0) and (0,0,1,0, uq,0), and let Roo = 
{(0,0,0, 1,0,0),(0,0,0,0, 1 0)). Then Ru is a line of T for all uEGF(q 2) U {oo} and 
f f  = {R, I uEGF(q2)U {oo}} is a regular spread of T. Moreover, ~ = {R, l uEP}  is a 
regulus of T contained in ~.  We notice that ~ is the set of all the lines of f f  totally 
isotropic with respect o _1_. 
Theorem 2.1. I f  Q(~)  is the point-line geometry defined m Section 1, then Q(~)  is 
a generalized quadrangle isomorphic to H(3,q2). 
Proof. The points of H(3,q 2) = S M H(5,q 2) are the point (0,0,0,0,0, 1), the points 
(0,a,0,b,0,2) and the points (1,u,O, fl, O,c-aqf l )  where a ,b ,c ,2EF  and ct, flEGF(q2). 
The lines of H(3, q2) are either the lines joining the point (0, 0, 0, 0, 0, 1 ) and the point 
(0,a,0, b,0,0) or the lines joining the points (1,a,0,fl,0,c - ~qfl) and (0,a,0,b,0,).) 
with i~q -J- bet - aft = O. 
Let p be the map from H(3,q 2) to Q(~) defined by 
p :x = (0,0,0,0,0, 1) ~-~ (0, 0,0, O, O, 1), 
p : (x,(O,a,O,b,O,O)) ~ uv = (x,v,v~)(v = (O,a,O,b,O,O)), 
p: p = (0,a,0,b,0,2) H (p,p~), 
p : ( (1, ~, O, fl, O , c -- ~q fl ), p ) H ( (1, Ct, Ofl , fl, flq , c - - t rc t f lq ) ,p ,p* ) ,  
p:  (1,~,0,  fl, 0, C- -  c(qfl) ~ (1,~,~q,  fl, f lq ,c - -  tr~flq). 
A line N of PG(5,q), which is contained in the plane z~ joining the points x, 
(0,a, 0,b,0,0), (0,0,a,0,b,0) but is not incident with x, intersects the line joining x 
and (0,a,0,b,0,0) in a point p = (0,a,0,b,0,2). Thus N = (p,p°) .  
Let ((1,a,O, fl, O ,c -aqf l ) ,p  : (0,a,0,b,0,2)) be a line of H(3,q 2) not incident with 
x. Then p~ = (1,oz,~q, fl, flq, c - t ro t f lq )  belongs both to p± and to (p~)±. Therefore, the 
plane (p', p, p~) is totally isotropic and intersects he plane n~ = (x, (0, a, 0, b, 0, 0), (0, 0, 
a, O, b, 0)) in the line (p, p°). 
We have proved that p is an isomorphism. [] 
Remark. The transversal lines of ~ are all the lines of type 
Z(~t) ~- {(O, xcz, xofl, yct, y~q,o)  Ix, y~F}.  
As b((O, cx, c (q ,o ,o ,o) , (O,O,O,~,~q,o) )  : 2ctcx q, the line L(~t) is totally isotropic if and 
only if q is even. 
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linear collineations of S = PG(3, q2) preserving the polar space 
linewise. 
Proof. A linear collineation z of S = PG(3, q2) fixing all the lines of H(3, q2) incident 
with x acts as the identity over the set of the lines through x contained in the plane 
S M x ±. We can prove with a direct calculation that v belongs to G. [] 
Let p- l~p = G. Then G is an elation group with base point x of Q(~).  
For ~,fl,7,6EGF(q 2) and cEF  let T(a, fl, c,7,6) be the collineation of 22 defined by 
the matrix 
l O~ O~ q fl flq C~ 
0 1 0 0 0 ? 
I 
00 1 0 0 7 q 
000  1 0 6 " 
00 0 0 1 6 q 
000  0 0 1 
I f  H = {T(~,[3,c,7,6)[~,fl,~,6EGF(q2), cEF},  then H is the group of all collinea- 
tions of Z which fix all the lines of x ± incident with x. 
Lemma 2.3. I f  G is a subgroup of PFL(6,q), then G is a subgroup of H. 
Proof. If 
~= {g~OlrE (x,(0,0,0, 1,0,0)) ~ rg = r}, 
= {ge 01r~ (x,(0, 1,0,0,0,0)) ~ rg = d ,  
= {gEGl rEx  ± MH(3,q 2) ::~ rg = r}, 
then G = .4(~/1. 
The group A = p- l~p is the subgroup of Aut Q(~)  of all the elements of G 
fixing all the points of Q(~)  incident on the line of Q(~)  represented by the plane 
~ = (x ,R~) .  
I f  A is a subgroup of PFL(6,q), then an element z of A fixes x and all the lines 
of rc~ not incident on x. Then z is the identity on rc~. Therefore, ~ induces over the 
quotient geometry x±/x a collineation which fixes all the lines of a regulus of x~-/x 
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and all the points of one of the elements of this regulus. Hence, z induces the identity 
over x±/x, i.e. z stabilizes all the lines of x ± incident with x. This implies that A is a 
subgroup of H. 
With the same argument we can prove that B=p-lBp and C=p-lCp are subgroups 
of H. As G --ACB, we have proved the lemma. [] 
When q is odd, it is an easy calculation to prove that the group 
G = {T(~t, fl, c, fl q , -~q) [~, f lEGF(q2) ,  cEF} 
is a subgroup of the symplectic group associated with the polarity I of  ~. We notice 
that the group G is the group used in [8] to prove that the generalized quadrangle 
constructed by Knarr [5] using a BLT-set M is isomorphic to those associated with 
one of the q-clans defined by M. 
Lemma 2.4. I f  q is even, then G is not a suboroup of PFL(6,q). 
Proof. We a direct calculation we can prove that an element T(~,fl, c,y,6) of H 
belongs to G if and only if 7 = flq and 6 --- ~q. By way of contradiction we sup- 
pose that G is a subgroup of PFL(6,q). Then G is contained in H. Therefore, G ----- 
{T(oqfl, c, flq,~q)lct, flEGF(q2)} is an abelian group. As G is not abelian, we have the 
required contradiction. [] 
3. q-Clans 
We always denote by E the group whose elements are those of F 2 x F x F 2, and 
whose product is defined by 
((al, a2), c, (hi, bz))((a11, a~), c', (b'l, b~ )) 
t I I = +a' ,a2 +a2), c+c' +a'ibi +a2b2,(b  + b ,b2 +61)). 
The center of E is the set Z = {(O,c,O) lcEF} and the group E = E/Z is elementary 
abelian. Moreover, we can regard J~ as a four-dimensional vector space over F. I f  0,/~ 
are elements of J~, we notice that (0,/~) = [9,h] defines a non-singular alternating F -  
bilinear form on E; if q is even, ~ ~-~ 02 defines a quadratic form associated with ( , ). 
Thus,/~ is equipped with a symplectic or orthogonal geometry. 
A q-clan C is a set of q (2 x 2)-matrices Bu (u EF) over F such that (x, y)(Bu -By) 
(x ,y )  t = O,(v 7 L U), if and only if (x,y) -- (0,0). We can suppose that Bo = 0. I fKu = 
Bu + B t, then let 
A*(u) -- {((al,a2),a3,(al,az)Ku)lal,a2,a3 EF}, 
A(u) = {((al, a2), (al, a2)Bu(al, a2)t, (ai, a2)Ku) [ al, a2 E F}, 
A*(oo) = {((O,O),a3,(an, as))la3,a4,a5 EF}, 
A(oo) = {((O,O),O,(a4,as))[a4,a5 EF}. 
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Define a point-line geometry Q(C)= (P ,L , I )  as follows: 
P = {J,A*(u)g, o IgEE, uEP}, 
L = {[u],A(u)glg6E, u6P  }, 
where J and [u] are symbols and the incidences are JI[u], A*(u)gI[u] and glA(u)g 
for all gee and uEF,  while A(u)glA*(v)h if and only if u = v and gEA*(u)h. One 
can prove that Q(C) is a generalized quadrangle with parameters (qZ, q) [4,6]. For the 
relation between q-clans and flocks of the quadratic cone of PG(3,q), see [9]. It is 
easy to prove that, when q is even, the lines A*(u)/Z (uEF)  of the three-dimensional 
projective space E/Z defines a regulus, which does not depend on the choice of the 
q-clan C. 
4. The group ~" 
In this section we always suppose q is even. Let t be an element of GF(q2) \F  
such that t + [ :  1 and t[ : reEF, where ?= t q. If J~ = {T(ot, fl, c, tflq, tofl) : O~,flE 
GF(q2), cEF}, then E is a non-abelian group of order qS. 
Let el = (1,0,0,0,0,0), e2 -- (0, 1, 1,0,0,0), e3 = (0,t,?,0,0,0), e4 = (0,0,0, 1, 1,0), 
e5 = (0, 0, 0, t, t', 0) ,  and  e6- - (0 ,0 ,0 ,0 ,0 ,  1). The  po in t  (a l ,a2+a3t ,  a2+a3t,  a4+ast ,  a4+ 
asi, a6) of S has coordinates (al,a2,a3,a4,as,a6) with respect o the basis {ebe2,e3, 
e4, e5, e6}. 
Let x and y be the points which have coordinates (0, 0, 0, 0, 0, 1 ), and (1, 0, 0, 0, 0, 0), 
with respect o the basis {ebe2,e3,en, es, e6}. Then the points of T = x ± f ly ± f-IS have 
coordinates (O,a,b,c,d,O), where a,b,c, dEF. I f  ~ = {Ru ]uEF} is the regulus of T 
defined in Section 2, then with respect o the basis {el, e2, e3,ea, es,e6} the line Ru has 
equations 
X 1 ~X 6 ~ 0~ X 4 ---~ UX2~ X 5 ~ UX 3 
the line Roo has equations xl = x2 = x3 = x6 = 0. 
T(al + a2t, a3 + a4t, c, ma4 + a3t, ma2 + alt) of H is represented by 
when u # cx~ and 
The linear map 
the matrix 
1 a l  a2 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
k 
a3 a4 c 
0 0 a3 I 0 0 a3 + ma4 1 0 al [ 
J 0 1 al +ma2 1 0 0 
with respect o the basis {el,e2,e3,e4,es,e6}. We set M(al,az, a3,a4,c) = T(al + a2t, 
a3 + a4t, c, ma4 + a3t, ma2 + al t). The map ~ of E in E, which maps the linear function 
M(al,az, b2,bbc + alb2 + a2b2 + ma2bl) to the element ((al,a2),e,(bl,b2)), is an 
isomorphism from E to E, where E is the group defined in Section 3. 
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Let 
be a q-clan. We will denote by A*(u) (resp. ,4(u)) the image of A*(u) (resp. A(u)) 
under the isomorphism - from E to E. For uEF we have 
,4*(u) = {M(x,y, bux, buy, e)[x,y, cEX}, 
.4(u) = {M(x, y,b.x,b.y, x2(a. + b.) + y2(c. + tabu))Ix, yEF},  
A*(ee) = {M(O,O,w,z,c) lw, z, cEF}, 
A (~)  = {m(o,O,w,z,O) lw, zEF}. 
Let Cu be quadric of Z with equation 
X4 = b,x2, x5 = bux3, XlX6  + (au + bu)x 2 + (eu + mbu)x 2= O. 
If au + bu = 0 and c, +mb, =0, then C, is the union of the two planes Zb, and (y, Rb,), 
so that the q2 points of Cu\x ~ are exactly the points of (y, Rb,)\Rb,. If au + bu ~ 0 
or c~ + mb~ ~ O, then C~ is a quadratic one with vertex (0, X/Cu + mbu, ~ + bu, 
bux/-~+mbu, buax/-d~+bu, O) and Rb, is the line containing the nuclei of the conics 
in Cu. 
Let Coo = (x, Ro¢) U (y, Ro~). For each u EF, denote by L~ the set of the singular 
points of the quadric Cu and let ~ = ~(C)= {L~ [uEF}. We note that the elements 
of M are either lines of ~ or points of Q+(3,q). 
Define a point-line geometry P (~)  in the following way. The points are of three 
types. The point x = (0, 0, 0, 0, 0, 1 ) is the unique point of type (a). The points of type 
(b) are the lines of E=PG(5, q) non-incident with x and contained in one of the planes 
(x, Ru) (uEF).  The points of Z \x  ± are the points of type (c). We have two types of 
lines. The lines of type (1) are the planes (x,R~) where Ru E ~, and those of type (2) 
are the quadratic ones C of Z such that C -- Cg for some 9 E E and u E F. 
The point of type (a) is never incident with a line of type (2). A point L, of type 
(b) is incident with a line C of type (2) if either L, is contained in C or L, is the line 
containing the nuclei of the conics in C. All the other incidences are inherited from 
PG(5,q). 
Theorem 4.1. P (~)  is isomorphic to the generalized quadrangle Q(C). 
Proof. As the groups A*(u) and A(u) are the stabilizers in/~ of Ru and Cu, respec- 
tively, the map 0 : Q(C) --+ P(M), defined as follows: 
O: J  ~--~ x, 
0: [u] ~ nu, 
0 : A*(u)g H Ru~, 
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0 :A(u)o H CuO, 
O:gw-~y O. 
is an isomorphism between the generalized quadrangle Q(C) and the point-line geo- 
metry P(~). [] 
5. The q-clan associated with H(3, q2) 
Let f(x) = x 2 + bx + c be an irreducible polynomial over F, such that b # 1 and 
c # m, where m is the element of F defined in Section 4. The set 
I (aba)  a I Cf= 0 ca EF , 
is a q-clan and Q(Cf) is isomorphic to H(3,q 2) [7]. 
If b = 1 and c = m, then Cu is the quadratic one containing the planes (x, Ru) and 
(y, Ru). This implies that Lu = Ru is a line of ~ and ~(Cf) = ~. Therefore, in this 
particular case the lines of type (2) of P (~)  are planes of PG(5,q). The group ~" is 
an elation group with base point x of P(~). 
If z is an isomorphism from H(3,q 2) to P (~)  such that xz = x, then TEz -1 is a 
subgroup of AutH(3,q 2) fixing x linewise. We remark that A*(u) acts as the identity 
on the line (x, Ru) of P(:~). Then z.4*(u)z -1 fixes pointwise a line of H(3,q 2) incident 
with x, i.e. zA'*(u)z -1 is a subgroup of PGL(4,q2). By Lemma 2.2, zA*(u)z -1 is a 
subgroup of G. As  "t/1*((x3)T-1 fq'cA(0)'c -1  = 1 we have G = "~A*(oo).4(0)'c -1  --~ "cE'c -1 .  
If f(x) ~ x 2 + x + m, then the elements of ~(Cf) are either the lines Ro~ and R0 
or the points (0, V'~ + rob, X/~ + b),abx/(c + mb),abv/(1 + b),O) (aEF \ {0}). We 
remark that the q -1  points of ~(Cf) are contained in the transversal line of ~? joining 
the two points (0, x/c + rob, x/1 + b, 0, 0, 0) and (0, 0, 0, ~ ,  x/1 + b, 0). 
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